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We propose a mechanism for destabilizing or stabilizing Bose-Einstein condensation (BEC) of
interacting magnons in an antiferromagnet. We study how the interaction between magnons affects
the magnon BEC in a two-sublattice antiferromagnet without and with an external magnetic field.
We show that in the absence of the magnetic field the magnon BEC is destabilized by the attractive
interband interaction, which is larger than the repulsive intraband interaction. We also show that
in the presence of the magnetic field the magnon BEC is stabilized only if the magnetic field is large
enough to make the intraband interaction larger than the interband interaction. Our results provide
the first step for understanding the interaction effects on the magnon BEC in antiferromagnets and
may open interaction physics of multicomponent BEC of magnons in magnets.
I. INTRODUCTION
Stability of Bose-Einstein condensation (BEC) de-
pends on the sign of the interaction between bosons1.
BEC is the phenomenon that many bosons occupy the
lowest-energy state2,3. This can be understood in terms
of noninteracting bosons in principle. However, if the in-
teraction is attractive, the BEC becomes unstable; if the
interaction is repulsive, the BEC remains stable4. Thus
whether the interaction is attractive or repulsive is vital
for understanding the stability of the BEC.
Nevertheless, it is unclear how the interaction between
magnons affects the BEC of magnons in an antiferro-
magnet. Since magnons are bosonic quasiparticles of a
magnetically ordered system, the BEC of magnons is ex-
pected to occur in magnets5–10. In addition, theoretical
work has showen that the magnon BEC in ferrimagnets
and ferromagnets remains stable even in the presence of
the magnon-magnon interaction as long as the magnets
have a sublattice structure11. However, this result is not
directly applicable to an antiferromagnet due to the fol-
lowing essential difference: low-energy magnons of an
antiferromagnet have band degeneracy12, whereas low-
energy magnons of a ferrimagnet or a ferromagnet are
described by a single band11,13,14. Because of this dif-
ference the magnon BEC for an antiferromagnet gets a
multicomponent order parameter; the order parameter
for a ferrimagnet or ferromagnet is one-component11,15.
Then this multicomponent BEC can be converted into
the one-component BEC by using an external magnetic
field that lifts the band degeneracy. These properties
indicate that an antiferromagnet provides new opportu-
nities to study the multicomponent BEC of magnons and
the unique magnetic-field effect. Nevertheless, the stabil-
ity against the interaction remains unclear.
In this paper we study the BEC of interacting magnons
in a two-sublattice antiferromagnet and show a mecha-
nism for controlling its stability. Our antiferromagnet
is described by a spin Hamiltonian consisting of the an-
tiferromagnetic Heisenberg interaction between nearest-
neighbor spins, the single-ion anisotropy, and the exter-
nal magnetic field. After expressing this Hamiltonian
in terms of magnon operators and remarking on several
properties, we formulate an effective theory of the BEC
of interacting magnons for the antiferromagnet and then
study the stability in the absence and the presence of
the external magnetic field. We show that the magnon
BEC is unstable in the absence of the external magnetic
field due to the attractive interband interaction, which
is larger than the repulsive intraband interaction. We
also show that when the external magnetic field exceeds
a critical value, the repulsive intraband interaction be-
comes larger than the attractive interband interaction,
and thus the magnon BEC remains stable. The main
results are summarized in Table I.
We believe that our theory can study the interac-
tion effects on the stability of the BEC of quasiequilib-
rium magnons in the antiferromagnet. For realizing the
magnon BEC, it is necessary to adjust the chemical po-
tential of a magnon, µ, so that µ satisfies min − µ = 0,
where min represents the lowest energy of magnon bands.
This can be realized, for example, using an external
pumping6. Although in the presence of the external
pumping the system is generally nonequilibrium, it is
possible to realize the quasiequilibrium state in which
the distribution of a magnon can be well approximated
by the Bose distribution function with finite µ; in such
a quasiequilibrium state the main effect of the external
pumping is to change the value of µ. However, even if
µ is adjusted so that min − µ = 0 is satisfied for nonin-
teracting magnons, the magnon BEC becomes unstable
for the attractive interaction. Since a system at certain
times of a quasiequilibrium state can be approximately
described by the magnons whose distribution function is
the Bose distribution function with finite µ, our theory
can study how the interaction affects the stability of the
magnon BEC at a snapshot of the quasiequilibrium state.
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2TABLE I. Magnon properties of the antiferromagnet without and with the external magnetic field. Magnon bands are
degenerate only for h = 0. The order parameter of the magnon BEC for h = 0 is two-component, whereas that for h 6= 0 is
one-component. The interaction between magnons consists of the intraband interaction and the interband interaction, which
are repulsive and attractive, respectively. If the external magnetic field satisfies |h| > hc, the repulsive intraband interaction
is larger and the magnon BEC remains stable; otherwise, the attractive interband interaction is larger and the magnon BEC
becomes unstable.
h = 0 |h| < hc |h| > hc
Band degeneracy Degenerate Nondegenerate Nondegenerate
Order parameter Two-component One-component One-component
Intraband interaction Repulsive Repulsive Repulsive
Interband interaction Attractive Attractive Attractive
Larger interaction Interband Interband Intraband
Stability of the magnon BEC Unstable Unstable Stable
II. HAMILTONIAN
Our antiferromagnet is described by the following spin
Hamiltonian:
H = 2J
∑
〈i,j〉
Si · Sj −K
∑
l
(Szl )
2 − h
∑
l
Szl , (1)
where the first term represents the antiferromagnetic
Heisenberg interaction between nearest-neighbor spins,
the second term (K > 0) represents the uniaxial
anisotropy energy of a spin for S > 1/2, and the third
term represents the Zeeman energy of the external mag-
netic field;
∑
〈i,j〉 is the sum for nearest-neighbor spins
for i ∈ A and j ∈ B, where A and B denote A and
B sublattices, and
∑
l is the sum over all sites; and
the number of each sublattice is a half of the number
of sites N . The above Hamiltonian is a simple model
of a collinear antiferomagnet for 〈Si∈A〉 = t(0 0 S) and
〈Sj∈B〉 = t(0 0 − S)16. Actually, the antiferromagnet-
ically ordered state of MnF2 can be well described by
the spin Hamiltonian consisting of the nearest-neighbor
antiferromagnetic Heisenberg interaction with the small
anisotropy17; the estimated value is K/J ≈ 0.117. We
thus believe that our model is applicable to MnF2 in
the presence of the external magnetic field. Hereafter we
consider cases for J  K,h.
We have considered not only the Heisenberg inter-
action but also the Zeeman energy and the uniaxial
anisotropy energy because the effects of the latter terms
are important in antiferromagnets even for J  K,h. In
the ferrimagnet studied in Ref. 11 we did not consider
the latter terms because their effects are less important
than in antiferromagnets. This difference arises from the
following difference in the magnon bands: in the ferri-
magnet, the magnon bands are split even for h = 0 and
the energy splitting is typically of order J ; in the antifer-
romagnet, the magnon bands are split only for h 6= 0 and
the energy splitting is of order h [see Eq. (7)]. Since the
main effect of the h is to change the value of the energy
splitting of magnon bands, its effect for the ferrimagnet
is negligible compared with that for the antiferromagnet.
Then the uniaxial anisotropy is necessary to keep the
magnon energies for h 6= 0 nonnegative.
We can express the above Hamiltonian in terms of
magnon operators by using the Holstein-Primakoff trans-
formation14,18. This transformation is expressed as
Szi = S − a†iai, S−i = a†i
√
2S − a†iai, S+i = (S−i )†, (2)
Szj = −S + b†jbj , S+j = b†j
√
2S − b†jbj , S−j = (S+j )†, (3)
where a†i and ai are the creation and annihilation oper-
ators of a magnon for i ∈ A, and b†j and bj are those
of a magnon for j ∈ B. By substituting these equa-
tions into Eq. (1), we obtain the magnon Hamiltonian.
Since our aim is to clarify the interaction effects on the
magnon BEC, stabilized by the kinetic energy, we con-
sider the kinetic energy terms and the dominant terms of
the magnon-magnon interaction. These terms can be de-
rived from the standard calculation11,13,19 (for the details
see Appendix A). As a result, the kinetic energy terms
are given by the following quadratic terms:
HKE =
∑
q
(a†q bq)
(
A(q) + h C(q)
C(q) A(q)− h
)(
aq
b†q
)
, (4)
where aq =
√
2
N
∑
i e
−iq·iai, b†q =
√
2
N
∑
j e
−iq·jb†j ,
A(q) = 2S[J(0) + K], C(q) = 2SJ(q), J(q) =
J
∑
δ e
iq·δ, and δ is a vector to nearest neighbors. The
interaction terms are then given by the following quartic
terms:
Hint =− 2
N
∑
q,q′
[J(0)a†qaqb
†
q′bq′ + J(q − q′)a†qaq′b†qbq′
+J(q)aqb
†
q′bqbq′ + J(q)a
†
q′aqaq′bq] + (H.c.). (5)
The interaction terms consist of the quartic terms arising
from the Heisenberg interaction because we have consid-
ered the interaction between magnons at different sites;
in Eq. (1) only the first term gives such an interaction.
III. PROPERTIES OF MAGNONS
The essential difference between the antiferromagnet
and a ferromagnet or a ferrimagnet is degeneracy of
3magnon bands. To see this, we diagonalize Eq. (4). This
diagonalization can be performed using the Bogoliubov
transformation,(
aq
b†q
)
=
(
cq −sq
−sq cq
)(
αq
β†q
)
, (6)
where cq = cosh θq and sq = sinh θq. Actually, by sub-
stituting Eq. (6) into Eq. (4) and setting tanh 2θq =
C(q)/A(q), we obtain
HKE =
∑
q
(α†q βq)
(
(q) + h 0
0 (q)− h
)(
αq
β†q
)
, (7)
where (q) =
√
A(q)2 − C(q)2. Equation (7) shows that
the α and β bands are degenerate for h = 0. This prop-
erty is distinct from a lack of such degeneracy in ferro-
magnets and ferrimagnets; for example, in a ferrimagnet
with a similar sublattice structure two bands are nonde-
generate even for h = 011,13. This difference results from
the difference in time-reversal symmetry, which holds
only for the antiferromagnet for h = 0. Actually, the
external magnetic field, which breaks time-reversal sym-
metry, lifts the band degeneracy, as seen from Eq. (7).
The above properties result in two unique proper-
ties of the magnon BEC in the antiferromagnet. Since
(q) = 2S
√
[J(0) +K]2 − J(q)2, (0) is the lowest en-
ergy. A combination of this and the band degeneracy
for h = 0 indicates that in the magnon BEC for h = 0
a macroscopic number of magnons occupies the q = 0
states of the α and β bands. Therefore the magnon BEC
in the antiferromagnet for h = 0 possesses a multicompo-
nent order parameter (i.e., 〈α0〉 and 〈β†0〉). This is in con-
trast with the magnon BEC in a ferromagnet and a ferri-
magnet because that is described by a one-component or-
der parameter11,15. Then, by using the external magnetic
field, the magnon BEC in the antiferromagnet can change
from multicomponent BEC to one-component BEC as a
result of lifting the band degeneracy. For example, for
h < 0 the lowest-energy state is the q = 0 state of the α
band and the order parameter is 〈α0〉.
IV. INTERACTION EFFECTS ON THE
STABILITY OF THE MAGNON BEC
We now formulate the effective theory of the BEC of
interacting magnons in the antiferromagnet for h = 0.
Since we can express the terms in Eq. (5) in terms of
the operators of the α and β bands by using Eq. (6), we
can write Hint as the sum of intraband terms and inter-
band terms, Hint = Hintra +Hinter, where Hintra consists
of the intraband terms of the α band and of the β band
and Hinter consists of the interband terms between these
bands. The expressions for Hintra and Hinter are derived
in Appendix B. Then, since the main effects of the inter-
action terms can be taken into account in the mean-field
approximation11,13,19, we can approximate the terms of
Hintra and Hinter by the mean-field interaction terms. Us-
ing these procedures and performing a calculation similar
to that for the ferrimagnet11, we can obtain the leading
terms of Hintra and Hinter. First, as we show in Ap-
pendix C, the contributions from the mean-field interac-
tion terms for q = q′ = 0, for q = 0, q′ 6= 0, and for
q 6= 0, q′ = 0 are zero within the leading order. Then,
as we derive in Appendix D, the mean-field interaction
terms for q 6= 0, q′ 6= 0 are given as follows:
Hintra =
1
N
∑
q,q′ 6=0
Γintra1(q, q
′)(nq′αα†qαq + nq′ββ
†
qβq), (8)
Hinter =
1
N
∑
q,q′ 6=0
Γinter1(q, q
′)(nq′βα†qαq + nq′αβ
†
qβq) +
1
N
∑
q 6=0
Γinter2(q)(nqβα
†
qαq + nqαβ
†
qβq)
+
1
N
∑
q,q′ 6=0
Γinter3(q, q
′)(nq′α + nq′β)(αqβq + α†qβ
†
q) +
1
N
∑
q 6=0
Γinter4(q)(nqα + nqβ)(αqβq + α
†
qβ
†
q), (9)
where
Γintra1(q, q
′) = −4J(0)(c2qs2q′ + c2q′s2q)− 8J(q − q′)cqsqcq′sq′ + 4J(q)cqsq(c2q′ + s2q′) + 4J(q′)cq′sq′(c2q + s2q), (10)
Γinter1(q, q
′) = −4J(0)(c2qc2q′ + s2q′s2q)− 8J(q − q′)cqsqcq′sq′ + 4J(q)cqsq(c2q′ + s2q′) + 4J(q′)cq′sq′(c2q + s2q), (11)
Γinter2(q) = −4J(0)(c2q + s2q)2 + 8J(q)cqsq(c2q + s2q), (12)
Γinter3(q, q
′) = 4J(0)cqsq(c2q′ + s
2
q′) + 4J(q − q′)cq′sq′(c2q + s2q)− 2J(q)(c2q + s2q)(c2q′ + s2q′)− 8J(q′)cqsqcq′sq′ ,
(13)
Γinter4(q) = 8J(0)cqsq(c
2
q + s
2
q)− 2J(q)(c2q + s2q)2 − 8J(q)c2qs2q. (14)
In Eqs. (8) and (9) we have defined nqα = 〈α†qαq〉 =
n[(q)] and nqβ = 〈β†qβq〉 = n[(q)], where n() is
the Bose distribution function. Then, since dominant
4low-energy excitations are described by low-q magnons
of the α and β bands, we can estimate Γintra1(q, q
′),
Γinter1(q, q
′), Γinter2(q), Γinter3(q, q′), and Γinter4(q) in
the limit |q|, |q′| → 0. After the calculation described in
Appendix E, we obtain
Γintra1(q, q
′) ∼ 2J(0), (15)
Γinter1(q, q
′) ∼ −2J(0), (16)
Γinter2(q) ∼ −2J(0), (17)
Γinter3(q, q
′) ∼ 0, (18)
Γinter4(q) ∼ 0. (19)
Thus the leading term of the intraband interaction is re-
pulsive, whereas that of the interband interaction is at-
tractive. In addition, Eqs. (15)–(19) with Eqs. (8) and
(9) show that the leading terms of Hintra and Hinter are
written as follows:
Hintra =
2
N
J(0)
∑
q,q′ 6=0
(nq′αα
†
qαq + nq′ββ
†
qβq), (20)
Hinter = − 2
N
J(0)
∑
q,q′ 6=0
(nq′βα
†
qαq + nq′αβ
†
qβq)
− 2
N
J(0)
∑
q 6=0
(nqβα
†
qαq + nqαβ
†
qβq). (21)
Combining Eqs. (20) and (21) with Eq. (7) for h = 0
and using nqα = nqβ = n[(q)], we obtain the following
effective Hamiltonian:
Heff =
∑
q
∗(q)(α†qαq + β
†
qβq), (22)
where
∗(q) = (q) + (1− δq,0) 1
N
∑
q′ 6=0
Γeff(q, q
′)n[(q′)], (23)
and
Γeff(q, q
′) =Γintra1(q, q′) + Γinter1(q, q′) + δq′,qΓinter2(q)
∼− 2J(0)δq′,q. (24)
By using the above effective theory, we can show that
the attractive interband interaction causes the magnon
BEC for h = 0 to be unstable. If ∗(0) = (0) remains
the lowest-energy state, the magnon BEC remains stable
even in the presence of the magnon-magnon interaction;
otherwise, the magnon BEC becomes unstable. The for-
mer condition is satisfied if Γeff(q, q
′) is positive, i.e., the
effective interaction is repulsive. Note that n[(q′)] is
non-negative. From Eq. (23) with Eq. (24), we can
deduce that the effective interaction becomes attractive
and it makes the magnon BEC unstable.
In a similar way we analyze the interaction effects on
the magnon BEC for h 6= 0 and show the condition for the
stability. We consider the case for h < 0 because the case
for h > 0 can be similarly analyzed. For h < 0 the band
degeneracy is lifted and the low-energy magnons are de-
scribed by the α band. Since the effect of h is to replace
the energy dispersions of noninteracting magnons of the
α and β bands by α(q) = (q) +h and β(q) = (q)−h,
respectively, we obtain the effective theory for h 6= 0
by replacing (q)’s for the α and β bands in the effec-
tive theory for h = 0 by α(q) and β(q), respectively;
the expressions of Γintra1(q, q
′), Γinter1(q, q′), Γinter2(q),
Γinter3(q, q
′), and Γinter4(q) remain unchanged because
c2q, s
2
q, and cqsq are independent of h [see Eqs. (C28)–
(C32)]. Therefore the effective theory for h < 0 is de-
scribed by the following Hamiltonian:
Heff =
∑
q
∗α(q)α
†
qαq, (25)
where
∗α(q) = α(q) + (1− δq,0)
2
N
J(0)
∑
q′ 6=0
×
{
n[α(q
′)]− (1 + δq′,q)n[β(q′)]
}
. (26)
The above effective Hamiltonian includes not only the in-
traband interaction of the α band but also the interband
interaction between the α and β bands because the en-
ergy difference between these bands is of order h, much
smaller than J . Equation (26) shows that the magnon
BEC is unstable for n[α(q
′)] < (1+δq′,q)n[β(q′)], which
means that the repulsive intraband interaction is smaller
than the attractive interband interaction, whereas the
magnon BEC is stable for n[α(q
′)] > (1+δq′,q)n[β(q′)],
which means that the repulsive intraband interaction is
larger. Since n() is a monotonically decreasing func-
tion and an increase of |h| leads to both an increase of
n[α(q
′)] = n[(q′) − |h|] and a decrease of n[β(q′)] =
n[(q′) + |h|] at each (q′), there should be a critical
value of |h|, hc, which is defined as n[(q′) − hc] =
(1 + δq′,q)n[(q
′) + hc]; this can be seen also from es-
timating the terms in the curly brackets of Eq. (26) to
the leading term in h20. Therefore the BEC of interact-
ing magnons remains stable for |h| > hc, whereas it is
unstable for |h| < hc.
V. DISCUSSION
To get a deeper understanding, we compare our results
with the results in ferrimagnets and ferromagnets11,15.
First, our result for h = 0 is distinct from the results in
ferrimagnets and ferromagnets11,15 because multicompo-
nent BEC is characteristic of the antiferromagnet. We
thus believe that our result is the first step towards un-
derstanding the interaction effects in multicompoment
BEC of magnons. Second, our result for |h| > hc is
similar to the results in the two-sublattice ferrimagnet
and ferromagnet11 because these show that the one-
component BEC of interacting magnons remains stable
due to the repulsive intraband interaction. The origin of
5this repulsive interaction can be understood in the same
manner: the magnons in the different sublattices give the
different contributions to the intraband interaction due
to the different coefficients in the Bogoliubov transforma-
tion Eq. (6). This similarity suggests that the magnon
BEC may be experimentally observed for an antiferro-
magnet with an external magnetic field; this suggestion
is consistent with experiments8,9. Third, our result for
|h| < hc contrasts with the results in the two-sublattice
ferrimagnet and ferromagnet11 because the former shows
that the one-component BEC of interacting magnons is
unstable despite the existence of the sublattice structure.
This difference arises from the competition between the
repulsive intraband interaction and the attractive inter-
band interaction in the antiferromagnet. Note that the
interband interaction is non-negligible only if the energy
difference between bands is small because n() is large
only for small . Since that energy difference is typi-
cally of order J for ferrimagnets and ferromagnets11,13,
the interband interaction is negligible for them. Thus the
competition between the intraband and interband inter-
actions is characteristic of the antiferromagnet. From the
above comparison we conclude that the interaction effects
in the antiferromagnet are more complicated due to the
band degeneracy for no external magnetic field and the
small energy difference between magnon bands.
We now discuss the implications of our results. Our
results show that the stability of the BEC of interacting
magnons in the antiferromagnet is controllable by tuning
the external magnetic field. Therefore our mechanism
can be used for further studies of not only the stable
BEC of interacting magnons but also the unstable BEC.
In particular, our result for h = 0 provides a unique
opportunity for studying the unstable multicomponent
BEC of interacting magnons. Since our model is appli-
cable to MnF2, as described in Sec. II, these properties
could be observed in the magnon BEC for MnF2. Our
results also show that the sign of the effective interac-
tion between magnons of the antiferromagnet is sensitive
to the external magnetic field. This is distinct from the
expectation that the properties of antiferromagnets are
insensitive to magnetic fields21–23. Therefore this distinc-
tion suggests that it is not always correct to neglect the
magnetic-field dependence in antiferromagnets. In par-
ticular, in cases of the magnon properties that depend on
the sign of the effective interaction between magnons, it
is crucial to study the magnetic-field dependence. Then
our theory can be extended to more complicated mag-
nets. Our study is thus useful for further studies of the
one-component and the multicomponent BEC of inter-
acting magnons in various magnets.
VI. SUMMARY
In summary we studied the BEC of interacting
magnons in the two-sublattice antiferromagnet without
and with the external magnetic field and revealed a
method to control its stability. We showed that the
magnon BEC for no external magnetic field gets the two-
component order parameter due to the band degeneracy
and this two-component BEC is destabilized by the at-
tractive interband interaction, which is larger than the
repulsive intraband interaction. We also showed that the
two-component BEC is converted into one-component
BEC by the external magnetic field, which lifts the band
degeneracy, and this one-component BEC is stabilized
only if the external magnetic field exceeds the critical
value, above which the repulsive intraband interaction is
larger than the attractive interband interaction.
Appendix A: Derivation of Eqs. (4) and (5)
We derive Eqs. (4) and (5). By substituting Eqs. (2) and (3) into Eq. (1), we can express the Hamiltonian of
Eq. (1) in terms of the magnon operators. Since the quadratic terms correspond to the kinetic energy terms and the
quartic terms correspond to the interaction terms11,13,19, we explain the details of the derivations of the quadratic
terms and the quartic terms. First, the quadratic terms are given by
HKE = 2JS
∑
〈i,j〉
(a†iai + b
†
jbj + aibj + a
†
ib
†
j) + (2KS + h)
∑
i
a†iai + (2KS − h)
∑
j
b†jbj . (A1)
We can rewrite the above quadratic terms by using ai =
√
2
N
∑
q e
iq·iaq, b
†
j =
√
2
N
∑
q e
iq·jb†q, and J(q) = J
∑
δ e
iq·δ.
As a result, we obtain
HKE = {2S[J(0) +K] + h}
∑
q
a†qaq + {2S[J(0) +K]− h}
∑
q
b†qbq + 2S
∑
q
J(q)(aqbq + a
†
qb
†
q). (A2)
This is Eq. (4). Then the quartic terms which arise from the Heisenberg interaction are given by
Hint = −2J
∑
〈i,j〉
a†iaib
†
jbj −
J
2
∑
〈i,j〉
(aib
†
jbjbj + a
†
iaiaibj + a
†
ib
†
jb
†
jbj + a
†
ia
†
iaib
†
j). (A3)
6The above terms can be divided into two parts: Hint = V + V
†, where
V = −J
∑
〈i,j〉
a†iaib
†
jbj −
J
2
∑
〈i,j〉
(aib
†
jbjbj + a
†
iaiaibj). (A4)
By using ai =
√
2
N
∑
q e
iq·iaq, b
†
j =
√
2
N
∑
q e
iq·jb†q, and J(q) = J
∑
δ e
iq·δ, we can write Eq. (A4) as
V = − 1
N
∑
q1,q2,q3,q4
[2J(q1 − q3)a†q1aq3b†q4bq2 + J(q1)(aq1b†q2bq3bq4 + a†q2aq3aq4bq1)]δq1+q2,q3+q4 . (A5)
Since the dominant terms of V come from the diagonal terms11,13,19, the terms for q1 = q3 = q, q2 = q4 = q
′ and for
q1 = q4 = q, q2 = q3 = q
′, the dominant terms of V are given by
V = − 2
N
∑
q,q′
[J(0)a†qaqb
†
q′bq′ + J(q − q′)a†qaq′b†qbq′ + J(q)aqb†q′bqbq′ + J(q)a†q′aqaq′bq]. (A6)
Combining this equation with Hint = V + V
†, we obtain Eq. (5).
Appendix B: Hintra and Hinter expressed in terms of the operators of the α- and β-band magnons
We rewrite Hint as the sum of Hintra and Hinter by using Eq. (6). Since Hint consists of the terms quartic in
the operators of A- and B-sublattice magnons, the terms of Hint expressed in terms of the operators of the α- and
β-band magnons can be divided into five parts: products of four operators of the α-band magnons, products of four
operators of the β-band magnons, products of two operators of the α-band magnons and two operators of the β-band
magnons, products of three operators of the α-band magnons and one operator of the β-band magnons, and products
of one operator of the α-band magnons and three operators of the β-band magnons. The first two parts, Hαααα and
Hββββ , lead to the intraband interaction, Hintra = Hαααα + Hββββ , whereas the latter three parts, Hααββ , Hαααβ ,
and Hαβββ , lead to the interband interaction, Hinter = Hααββ + Hαααβ + Hαβββ . By expressing Hint in terms of
the operators of the α- and β-band magnons, we obtain Hαααα = V1 + V
†
1 , Hββββ = V2 + V
†
2 , Hααββ = V3 + V
†
3 ,
Hαααβ = V4 + V
†
4 , and Hαβββ = V5 + V
†
5 , where
V1 =− 2
N
∑
q,q′
J(0)c2qs
2
q′α
†
qαqαq′α
†
q′ −
2
N
∑
q,q′
J(q − q′)cqsqcq′sq′α†qαq′αqα†q′ +
2
N
∑
q,q′
J(q)cqsqs
2
q′αqαq′α
†
qα
†
q′
+
2
N
∑
q,q′
J(q)cqsqc
2
q′α
†
q′αqαq′α
†
q, (B1)
V2 =− 2
N
∑
q,q′
J(0)c2q′s
2
qβqβ
†
qβ
†
q′βq′ −
2
N
∑
q,q′
J(q − q′)cqsqcq′sq′βqβ†q′β†qβq′ +
2
N
∑
q,q′
J(q)cqsqc
2
q′β
†
qβ
†
q′βqβq′
+
2
N
∑
q,q′
J(q)cqsqs
2
q′βq′β
†
qβ
†
q′βq, (B2)
7V3 =− 2
N
∑
q,q′
J(0)(c2qc
2
q′α
†
qαqβ
†
q′βq′ + cqsqcq′sq′α
†
qβ
†
qαq′βq′ + cqsqcq′sq′α
†
qβ
†
qβ
†
q′α
†
q′
+ cqsqcq′sq′βqαqαq′βq′ + cqsqcq′sq′βqαqβ
†
q′α
†
q′ + s
2
qs
2
q′βqβ
†
qαq′α
†
q′)
− 2
N
∑
q,q′
J(q − q′)(c2qc2q′α†qαq′β†qβq′ + cqsqcq′sq′α†qβ†q′αqβq′ + cqsqcq′sq′βqαq′β†qα†q′
+ c2qs
2
q′α
†
qβ
†
q′β
†
qα
†
q′ + c
2
qs
2
q′βq′αqαq′βq + s
2
qs
2
q′βqβ
†
q′αqα
†
q′)
+
2
N
∑
q,q′
J(q)(c2qcq′sq′αqαq′βqβq′ + c
2
qcq′sq′αqβ
†
q′βqα
†
q′ + c
2
q′cqsqαqβ
†
q′α
†
qβq′
+ s2qcq′sq′β
†
qαq′α
†
qβq′ + s
2
qcq′sq′β
†
qβ
†
q′α
†
qα
†
q′ + s
2
q′cqsqβ
†
qαq′βqα
†
q′)
+
2
N
∑
q,q′
J(q)(c2qcq′sq′α
†
q′αqβ
†
q′βq + c
2
qcq′sq′βq′αqαq′βq + c
2
q′cqsqα
†
q′β
†
qαq′βq
+ s2qcq′sq′α
†
q′β
†
qβ
†
q′α
†
q + s
2
qcq′sq′βq′β
†
qαq′α
†
q + s
2
q′cqsqβq′αqβ
†
q′α
†
q), (B3)
V4 =
2
N
∑
q,q′
J(0)(s2q′cqsqβqαqαq′α
†
q′ + s
2
q′cqsqα
†
qβ
†
qαq′α
†
q′ + c
2
qcq′sq′α
†
qαqβ
†
q′α
†
q′ + c
2
qcq′sq′α
†
qαqαq′βq′)
+
2
N
∑
q,q′
J(q − q′)(s2q′cqsqβq′αqαq′α†q + s2q′cqsqα†qβ†q′αqα†q′ + c2qcq′sq′α†qαq′β†qα†q′ + c2qcq′sq′α†q′αqαq′βq)
− 2
N
∑
q,q′
J(q)(s2qs
2
q′β
†
qαq′α
†
qα
†
q′ + cqsqcq′sq′αqβ
†
q′α
†
qα
†
q′ + cqsqcq′sq′αqαq′α
†
qβq′ + c
2
qs
2
q′αqαq′βqα
†
q′)
− 2
N
∑
q,q′
J(q)(cqsqcq′sq′βq′αqαq′α
†
q + cqsqcq′sq′α
†
q′αqβ
†
q′α
†
q + s
2
qc
2
q′α
†
q′β
†
qαq′α
†
q + c
2
qc
2
q′α
†
q′αqαq′βq), (B4)
and
V5 =
2
N
∑
q,q′
J(0)(c2q′cqsqα
†
qβ
†
qβ
†
q′βq′ + c
2
q′cqsqβqαqβ
†
q′βq′ + s
2
qcq′sq′βqβ
†
qαq′βq′ + s
2
qcq′sq′βqβ
†
qβ
†
q′α
†
q′)
+
2
N
∑
q,q′
J(q − q′)(c2qcq′sq′α†qβ†q′β†qβq′ + c2q′cqsqβqαq′β†qβq′ + s2qcq′sq′βqβ†q′αqβq′ + s2q′cqsqβqβ†q′β†qα†q′)
− 2
N
∑
q,q′
J(q)(c2qc
2
q′αqβ
†
q′βqβq′ + cqsqcq′sq′β
†
qαq′βqβq′ + cqsqcq′sq′β
†
qβ
†
q′βqα
†
q′ + s
2
qc
2
q′β
†
qβ
†
q′α
†
qβq′)
− 2
N
∑
q,q′
J(q)(cqsqcq′sq′α
†
q′β
†
qβ
†
q′βq + c
2
qs
2
q′βq′αqβ
†
q′βq + cqsqcq′sq′βq′β
†
qαq′βq + s
2
qs
2
q′βq′β
†
qβ
†
q′α
†
q). (B5)
Therefore Hintra is given by Hintra = V1 + V2 + (H.c.) with Eqs. (B1) and (B2), and Hinter is given by Hinter =
V3 + V4 + V5 + (H.c.) with Eqs. (B3)–(B5). Note that each term in Eqs. (B1)–(B5) consists of the terms for
q = q′ = 0, for q = 0, q′ 6= 0, for q 6= 0, q′ = 0, and for q 6= 0, q′ 6= 0.
Appendix C: Derivation of the mean-field interaction terms of Hintra and Hinter for q = q
′ = 0, for q = 0,
q′ 6= 0, and for q 6= 0, q′ = 0 and leading-order estimate
We derive the mean-field interaction terms which arise from the terms of Hint = Hintra +Hinter for q = q
′ = 0, for
q = 0, q′ 6= 0, and for q 6= 0, q′ = 0, and we estimate the coefficients within the leading order. This derivation can be
performed in a manner similar to that of the Bogoliubov theory24,25 for the BEC in a Bose gas. Since the condensed
states in the BEC of magnons in the antiferromagnet without the external magnetic field are the q = 0 states of the
α- and β-band magnons, we can use the following Bogoliubov approximations: α0 ≈ √n0α, α†0 ≈
√
n0α, β0 ≈ √n0β ,
and β†0 ≈ √n0β . Note that
√
n0α and
√
n0β satisfy
√
n0α =
√
Nα −
∑
q 6=0 α
†
qαq and
√
n0β =
√
Nβ −
∑
q 6=0 β
†
qβq,
where Nα and Nβ are the numbers of the α- and β-band magnons (Nα = Nβ ≡ Nm is satisfied in the absence of the
external magnetic field). Because of the Bogoliubov approximations, for example the first term of V1 in Eq. (B1)
8gives the following mean-field interaction terms:
− 2
N
J(0)c20s
2
0n
2
0α −
2
N
∑
q′ 6=0
J(0)c20s
2
q′n0ααq′α
†
q′ −
2
N
∑
q 6=0
J(0)c2qs
2
0n0αα
†
qαq. (C1)
(Here we have neglected the contribution for q 6= 0, q′ 6= 0.) In a similar manner we can derive the mean-field
interaction terms for q = q′ = 0, for q = 0, q′ 6= 0, and for q 6= 0, q′ = 0 from the other terms of V1 and the terms of
V2, V3, V4, and V5. By performing a similar calculation for each term in Eqs. (B1)–(B5) and combining these results
with Hαααα = V1 + V
†
1 , Hββββ = V2 + V
†
2 , Hααββ = V3 + V
†
3 , Hαααβ = V4 + V
†
4 , and Hαβββ = V5 + V
†
5 , we can write
the mean-field interaction terms which arise from the terms for q = q′ = 0, for q = 0, q′ 6= 0, and for q 6= 0, q′ = 0
as H
(0)
αααα, H
(0)
ββββ , H
(0)
ααββ , H
(0)
αααβ , and H
(0)
αβββ , where
H(0)αααα =
4
N
N2mJ(0)c0s0(c
2
0 + s
2
0 − 2c0s0)−
4
N
NmJ(0)c0s0(c
2
0 + s
2
0 − 2c0s0)
∑
q 6=0
α†qαq
− 4
N
Nm
∑
q 6=0
α†qαq[J(0)(c
2
qs
2
0 + c
2
0s
2
q) + 2J(q)cqsqc0s0 − J(0)c0s0(c2q + s2q)− J(q)cqsq(c20 + s20)], (C2)
H
(0)
ββββ =
4
N
N2mJ(0)c0s0(c
2
0 + s
2
0 − 2c0s0)−
4
N
NmJ(0)c0s0(c
2
0 + s
2
0 − 2c0s0)
∑
q 6=0
β†qβq
− 4
N
Nm
∑
q 6=0
β†qβq[J(0)(c
2
qs
2
0 + c
2
0s
2
q) + 2J(q)cqsqc0s0 − J(0)c0s0(c2q + s2q)− J(q)cqsq(c20 + s20)], (C3)
H
(0)
ααββ =−
8
N
N2mJ(0)(c
2
0 + s
2
0 − c0s0)(c20 + s20 − 2c0s0)
+
8
N
NmJ(0)(c
2
0 + s
2
0 − c0s0)(c20 + s20 − 2c0s0)
∑
q 6=0
(α†qαq + β
†
qβq)
− 4
N
Nm
∑
q 6=0
(α†qαq + β
†
qβq){J(0)[(c2qc20 + s2qs20)− c0s0(c2q + s2q)]− J(q)cqsq(c20 + s20 − 2c0s0)}
+
4
N
Nm
∑
q 6=0
(αqβq + α
†
qβ
†
q)(c
2
0 + s
2
0 − 2c0s0)[2J(0)cqsq − J(q)(c2q + s2q)], (C4)
H
(0)
αααβ =−
4
N
N2mJ(0) +
2
N
NmJ(0)
∑
q 6=0
(3α†qαq + β
†
qβq)
+
16
N
N2mJ(0)c0s0(c
2
0 + s
2
0 − 2c0s0)−
8
N
NmJ(0)c0s0(c
2
0 + s
2
0 − 2c0s0)
∑
q 6=0
(3α†qαq + β
†
qβq)
− 4
N
Nm(c
2
0 + s
2
0 − 2c0s0)
∑
q 6=0
α†qαq[J(0)(c
2
q + s
2
q)− 2J(q)cqsq]
+
2
N
Nm
∑
q 6=0
(αqβq + α
†
qβ
†
q)(c
2
0 + s
2
0 − 2c0s0)[2J(0)cqsq − J(q)(c2q + s2q)], (C5)
and
H
(0)
αβββ =−
4
N
N2mJ(0) +
2
N
NmJ(0)
∑
q 6=0
(α†qαq + 3β
†
qβq)
+
16
N
N2mJ(0)c0s0(c
2
0 + s
2
0 − 2c0s0)−
8
N
NmJ(0)c0s0(c
2
0 + s
2
0 − 2c0s0)
∑
q 6=0
(α†qαq + 3β
†
qβq)
− 4
N
Nm(c
2
0 + s
2
0 − 2c0s0)
∑
q 6=0
β†qβq[J(0)(c
2
q + s
2
q)− 2J(q)cqsq]
+
2
N
Nm
∑
q 6=0
(αqβq + α
†
qβ
†
q)(c
2
0 + s
2
0 − 2c0s0)[2J(0)cqsq − J(q)(c2q + s2q)]. (C6)
9We have used
n20α = (Nα −
∑
q 6=0
α†qαq)
2 ≈ N2α − 2Nα
∑
q 6=0
α†qαq = N
2
m − 2Nm
∑
q 6=0
α†qαq, (C7)
n0α
∑
q 6=0
α†qαq ≈ Nα
∑
q 6=0
α†qαq = Nm
∑
q 6=0
α†qαq, (C8)
for the derivation of Eq. (C2),
n20β = (Nβ −
∑
q 6=0
β†qβq)
2 ≈ N2β − 2Nβ
∑
q 6=0
β†qβq = N
2
m − 2Nm
∑
q 6=0
β†qβq, (C9)
n0β
∑
q 6=0
β†qβq ≈ Nβ
∑
q 6=0
β†qβq = Nm
∑
q 6=0
β†qβq, (C10)
for the derivation of Eq. (C3),
n0αn0β ≈ NαNβ −Nα
∑
q 6=0
β†qβq −Nβ
∑
q 6=0
α†qαq = N
2
m −Nm
∑
q 6=0
(α†qαq + β
†
qβq), (C11)
n0β
∑
q 6=0
α†qαq ≈ Nβ
∑
q 6=0
α†qαq = Nm
∑
q 6=0
α†qαq, (C12)
n0α
∑
q 6=0
β†qβq ≈ Nα
∑
q 6=0
β†qβq = Nm
∑
q 6=0
β†qβq, (C13)
√
n0α
√
n0β
∑
q 6=0
(αqβq + α
†
qβ
†
q) ≈
√
NαNβ
∑
q 6=0
(αqβq + α
†
qβ
†
q) = Nm
∑
q 6=0
(αqβq + α
†
qβ
†
q), (C14)
for the derivation of Eq. (C4),
n0α
√
n0α
√
n0β ≈(Nα −
∑
q 6=0
α†qαq)[
√
NαNβ − 1
2
∑
q 6=0
(α†qαq + β
†
qβq)]
≈Nα
√
NαNβ −
√
NαNβ
∑
q 6=0
α†qαq −
1
2
Nα
∑
q 6=0
(α†qαq + β
†
qβq)
=N2m −
1
2
Nm
∑
q 6=0
(3α†qαq + β
†
qβq), (C15)
√
n0α
√
n0β
∑
q 6=0
α†qαq ≈
√
NαNβ
∑
q 6=0
α†qαq = Nm
∑
q 6=0
α†qαq, (C16)
n0α
∑
q 6=0
(αqβq + α
†
qβ
†
q) ≈Nα
∑
q 6=0
(αqβq + α
†
qβ
†
q) = Nm
∑
q 6=0
(αqβq + α
†
qβ
†
q), (C17)
for the derivation of Eq. (C5), and
n0β
√
n0α
√
n0β ≈(Nβ −
∑
q 6=0
β†qβq)[
√
NαNβ − 1
2
∑
q 6=0
(α†qαq + β
†
qβq)]
≈Nβ
√
NαNβ −
√
NαNβ
∑
q 6=0
β†qβq −
1
2
Nβ
∑
q 6=0
(α†qαq + β
†
qβq)
=N2m −
1
2
Nm
∑
q 6=0
(α†qαq + 3β
†
qβq), (C18)
√
n0α
√
n0β
∑
q 6=0
β†qβq ≈
√
NαNβ
∑
q 6=0
β†qβq = Nm
∑
q 6=0
β†qβq, (C19)
n0β
∑
q 6=0
(αqβq + α
†
qβ
†
q) ≈Nβ
∑
q 6=0
(αqβq + α
†
qβ
†
q) = Nm
∑
q 6=0
(αqβq + α
†
qβ
†
q), (C20)
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for the derivation of Eq. (C6). (As described above, Nα = Nβ ≡ Nm for h = 0.) Since the operator terms in Eqs.
(C2)–(C6) are relevant to the interaction effects on the stability of the magnon BEC, we consider only the operator
parts in the following. Therefore we have
H(0)αααα +H
(0)
ββββ =
Nm
N
∑
q 6=0
Γ
(0)
intra(q)(α
†
qαq + β
†
qβq), (C21)
H
(0)
ααββ =
Nm
N
∑
q 6=0
Γ
(0)
inter1(q)(α
†
qαq + β
†
qβq) +
Nm
N
∑
q 6=0
Γ
(0)
inter2(q)(αqβq + α
†
qβ
†
q), (C22)
H
(0)
αααβ +H
(0)
αβββ =
Nm
N
∑
q 6=0
Γ
(0)
inter3(q)(α
†
qαq + β
†
qβq) +
Nm
N
∑
q 6=0
Γ
(0)
inter2(q)(αqβq + α
†
qβ
†
q). (C23)
Here we have introduced the following quantities:
Γ
(0)
intra(q) =− 8J(0)c0s0(c20 + s20 − 2c0s0)− 4J(0)(c2qs20 + c20s2q)− 8J(q)cqsqc0s0 + 4J(0)c0s0(c2q + s2q)
+ 4J(q)cqsq(c
2
0 + s
2
0), (C24)
Γ
(0)
inter1(q) =8J(0)(c
2
0 + s
2
0 − c0s0)(c20 + s20 − 2c0s0)− 4J(0)[(c2qc20 + s2qs20)− c0s0(c2q + s2q)]
+ 4J(q)cqsq(c
2
0 + s
2
0 − 2c0s0), (C25)
Γ
(0)
inter2(q) =− 4(c20 + s20 − 2c0s0)[J(q)(c2q + s2q)− 2J(0)cqsq], (C26)
Γ
(0)
inter3(q) =8J(0)− 4(c20 + s20 − 2c0s0)[8J(0)c0s0 + J(0)(c2q + s2q)− 2J(q)cqsq]. (C27)
Since the low-q magnons of the α and β bands describe the low-energy noncondensates in the magnon BEC of the
antiferromagnet for h = 0, we estimate Γ
(0)
intra(q), Γ
(0)
inter1(q), Γ
(0)
inter2(q), and Γ
(0)
inter3(q) in the limit |q| → 0. To estimate
them, we use the following identities:
c2q − s2q = 1, (C28)
c2q + s
2
q = cosh 2θq, (C29)
2cqsq = sinh 2θq. (C30)
In addition, cosh 2θq and sinh 2θq are given for our antiferromagnet by
cosh 2θq =
J(0) +K√
(J(0) +K)2 − J(q)2 ∼
J(0) +K√
2J(0)K
, (C31)
sinh 2θq =
J(q)√
(J(0) +K)2 − J(q)2 ∼
J(0)√
2J(0)K
. (C32)
(In the above limiting expressions we have considered only the leading terms in the limit |q| → 0 for J  K.) By
11
using Eqs. (C28)–(C32) and retaining the leading terms in the limit |q| → 0 for J  K, we obtain
− 8J(0)c0s0(c20 + s20 − 2c0s0) ∼ −4J(0)
√
K
2J(0)
√
J(0)
2K
= −2J(0), (C33)
− 4J(0)(c2qs20 + c20s2q) + 4J(0)c0s0(c2q + s2q) ∼ 2J(0)− 2
√
J(0)
2K
√
K
2J(0)
= J(0), (C34)
− 8J(q)cqsqc0s0 + 4J(q)cqsq(c20 + s20) ∼ 2J(0)
√
J(0)
2K
√
K
2J(0)
= J(0), (C35)
8J(0)(c20 + s
2
0 − c0s0)(c20 + s20 − 2c0s0) ∼ 8J(0)
1
2
J(0)
1√
2J(0)K
√
K
2J(0)
= 2J(0), (C36)
− 4J(0)[(c2qc20 + s2qs20)− c0s0(c2q + s2q)] ∼ −2J(0)− 2J(0)
√
J(0)
2K
√
K
2J(0)
= −3J(0), (C37)
4J(q)cqsq(c
2
0 + s
2
0 − 2c0s0) ∼ 2J(0)
J(0)√
2J(0)K
√
K
2J(0)
= J(0), (C38)
− 4(c20 + s20 − 2c0s0)[J(q)(c2q + s2q)− 2J(0)cqsq] ∼ −4
√
K
2J(0)
J(0)K√
2J(0)K
≈ 0, (C39)
− 4(c20 + s20 − 2c0s0)[8J(0)c0s0 + J(0)(c2q + s2q)− 2J(q)cqsq] ∼ −16J(0)
√
K
2J(0)
√
J(0)
2K
= −8J(0). (C40)
(We have considered only the terms of order J and neglected the higher-order terms, such as the term of order K,
because we have considered the case for J  K.) Combining Eqs. (C33)–(C40) with Eqs. (C24)–(C27), we have
Γ
(0)
intra(q) ∼ −2J(0) + J(0) + J(0) = 0, (C41)
Γ
(0)
inter1(q) ∼ 2J(0)− 3J(0) + J(0) = 0, (C42)
Γ
(0)
inter2(q) ∼ 0, (C43)
Γ
(0)
inter3(q) ∼ 8J(0)− 8J(0) = 0. (C44)
Therefore we find that the coefficients of the mean-field interaction terms which arise from the terms of Hint for
q = q′ = 0, for q = 0, q′ 6= 0, and for q 6= 0, q′ = 0 become zero within the leading order. Note that this property
holds even for h 6= 0 because cosh 2θq and sinh 2θq are independent of h [see Eqs. (C31) and (C32)].
Appendix D: Derivation of Eqs. (8) and (9)
We derive Eqs. (8) and (9), i.e., the mean-field interaction terms which arise from the terms of Hint = Hintra +Hinter
for q 6= 0, q′ 6= 0. In this derivation we replace two of the four operators for each term in Eqs. (B1)–(B5) by the
corresponding expectation value; for q 6= 0, q′ 6= 0, the expectation values of two operators satisfy 〈α†qαq′〉 = δq,q′nqα,
〈β†qβq′〉 = δq,q′nqβ , 〈αqβq′〉 = 0, and 〈α†qβ†q′〉 = 0. Thus, for example, the leading terms which arise from the first
term of V1 in Eq. (B1) for q 6= 0, q′ 6= 0 become
− 2
N
∑
q,q′ 6=0
J(0)c2qs
2
q′(nqαα
†
q′αq′ + nq′αα
†
qαq). (D1)
Here we have considered only the terms proportional to nqα/N or nq′α/N and neglected the terms proportional to
1/N because nqα  1 for small q. We can similarly derive the leading terms which arise from the other terms. After
some calculation we can write the mean-field interaction terms which arise from the terms of Hαααα, Hββββ , Hααββ ,
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Hαααβ , and Hαβββ for q 6= 0, q′ 6= 0 as follows:
Hαααα =
1
N
∑
q,q′ 6=0
Γintra1(q, q
′)nq′αα†qαq, (D2)
Hββββ =
1
N
∑
q,q′ 6=0
Γintra1(q, q
′)nq′ββ†qβq, (D3)
Hααββ =
1
N
∑
q,q′ 6=0
Γinter1(q, q
′)(nq′βα†qαq + nq′αβ
†
qβq) +
1
N
∑
q 6=0
Γinter2(q)(nqβα
†
qαq + nqαβ
†
qβq), (D4)
Hαααβ =
1
N
∑
q,q′ 6=0
Γinter3(q, q
′)nq′α(αqβq + α†qβ
†
q) +
1
N
∑
q 6=0
Γinter4(q)nqα(αqβq + α
†
qβ
†
q), (D5)
Hαβββ =
1
N
∑
q,q′ 6=0
Γinter3(q, q
′)nq′β(αqβq + α†qβ
†
q) +
1
N
∑
q 6=0
Γinter4(q)nqβ(αqβq + α
†
qβ
†
q), (D6)
where we have used Eqs. (10)–(14). Combining Eqs. (D2)–(D6) with Hintra = Hαααα + Hββββ and Hinter =
Hααββ +Hαααβ +Hαβββ , we obtain Eqs. (8) and (9).
Appendix E: Derivation of Eqs. (15)–(19)
We derive Eqs. (15)–(19) by estimating the leading-order terms of Eqs. (10)–(14) in the limit |q|, |q′| → 0. We
can estimate Eqs. (10)–(14), i.e., the coefficients of Eqs. (8) and (9), in the limit |q|, |q′| → 0 in the same way as the
estimation of Γ
(0)
intra(q), Γ
(0)
inter1(q), Γ
(0)
inter2(q), and Γ
(0)
inter3(q) [for the latter estimation see Appendix C, in particular,
the derivation of Eqs. (C33)–(C40)]. As a result, we obtain
Γintra1(q, q
′) =2J(0)− 2J(0) cosh 2θq cosh 2θq′ − 2J(q − q′) sinh 2θq sinh 2θq′ + 2J(q) sinh 2θq cosh 2θq′
+ 2J(q′) cosh 2θq sinh 2θq′
∼2J(0)[1− J(0)
2 + 2J(0)K
2J(0)K
− J(0)
2
2J(0)K
+
J(0)2 + J(0)K
2J(0)K
+
J(0)2 + J(0)K
2J(0)K
]
=2J(0), (E1)
Γinter1(q, q
′) =− 4J(0) + Γintra1(q, q′)
∼− 2J(0), (E2)
Γinter2(q) =− 4 cosh 2θq[J(0) cosh 2θq − J(q) sinh 2θq]
∼− 4J(0) + 2J(0)
=− 2J(0), (E3)
Γinter3(q, q
′) =2J(0) sinh 2θq cosh 2θq′ + 2J(q − q′) sinh 2θq′ cosh 2θq − 2J(q) cosh 2θq cosh 2θq′
− 2J(q′) sinh 2θq′ sinh 2θq
∼[J(0)J(0)
K
+ J(0)] + [J(0)
J(0)
K
+ J(0)]− [J(0)J(0)
K
+ 2J(0)]− J(0)J(0)
K
=0, (E4)
Γinter4(q) =4J(0) sinh 2θq cosh 2θq − 2J(q)(cosh 2θq)2 − 2J(q)(sinh 2θq)2
∼[2J(0)J(0)
K
+ 2J(0)]− [J(0)J(0)
K
+ 2J(0)]− J(0)J(0)
K
=0. (E5)
Note that Eqs. (D5) and (D6) with Eqs. (E4) and (E5) show that the contributions from Hαααβ and Hαβββ ,
corresponding to the mean-field interaction terms including αqβq and α
†
qβ
†
q, are zero within the leading order.
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